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ON CERTAIN SELF-ORTHOGONAL AG CODES WITH
APPLICATIONS TO QUANTUM ERROR-CORRECTING CODES
DANIELE BARTOLI, MARIA MONTANUCCI, AND GIOVANNI ZINI
Abstract. In this paper a construction of quantum codes from self-orthogonal algebraic
geometry codes is provided. Our method is based on the CSS construction as well as on
some peculiar properties of the underlying algebraic curves, named Swiss curves. Several
classes of well-known algebraic curves with many rational points turn out to be Swiss
curves. Examples are given by Castle curves, GK curves, generalized GK curves and
the Abdo´n-Bezerra-Quoos maximal curves. Applications of our method to these curves
are provided. Our construction extends a previous one due to Hernando, McGuire,
Monserrat, and Moyano-Ferna´ndez.
1. Introduction
Since the discovery of quantum algorithms, such as a polynomial time algorithm for factor-
ization by Shor [30] and a quantum search algorithm by Grover [11], quantum computing
has received a lot of attention. Even though a concrete and practical implementation of
these algorithms is far away, it has nonetheless become clear that some form of error cor-
rection is required to protect quantum data from noise. This was the motivation for the
development of quantum computation and, more specifically, of quantum error-correcting
codes.
In the last decades much research has been done to find good quantum codes following
several strategies and underlying mathematical structures. However, the most remarkable
result is probably the one obtained by Calderbank and Shor [5], and Steane [31]; see
also [4]. Indeed they showed that quantum codes can be derived from classical linear error-
correcting codes provided that certain orthogonality properties are satisfied, including
Euclidean and Hermitian self-orthogonality; see [4, 16, 27]. This method, known as CSS
construction, has allowed to find many powerful quantum stabilizer codes.
Among all the classical codes used to produce quantum stabilizer codes, Algebraic-
Geometry (AG) codes [12] have received considerable attention [2,6,8,13,17–26,29]. The
interest towards AG codes is due to several reasons. First, every linear code can be real-
ized as an algebraic geometry code [28]. Also, AG codes were indeed used to improve the
Gilbert-Varshamov bound [34], an outstanding result at that time. Finally, conditions for
Euclidean self-orthogonality of AG codes are well known [33] and allow us to translate the
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pure combinatorial nature of this problem into geometrical terms concerning the structure
of the curves involved and their corresponding function fields.
Castle curves and AG codes from them [25] give rise to good quantum error-correcting
codes. Indeed, among all curves used to get AG codes, Castle and weak Castle curves
combine the good properties of having a reasonable simple handling and giving codes with
excellent parameters. This is confirmed by the fact that most of the best one-point AG
codes studied in the literature belong to the family of Castle codes.
In [26], Munuera, Teno´rio and Torres used the good properties of algebraic-geometry codes
coming from Castle and weak Castle curves to provide new sequences of self-orthogonal
codes. Their construction was extended in [13] by Hernando, McGuire, Monserrat, and
Moyano-Ferna´ndez, who provided a way to obtain self-orthogonal AG codes, and hence
good quantum codes, from a more general class of curves, strictly including Castle curves.
In this paper we further generalize the family of curves considered in [13] to what we
call Swiss curves. The geometric properties on the underlying plane curves considered
in [13] are weakened, focusing on the algebraic structure of the curves, that is, on their
function field. The family of Swiss curves, and more generally of r-Swiss curves, includes
the most studied and known families of algebraic curves with many rational points over
finite fields. Some example are given by the Giulietti-Korchma´ros curve [10], the two
generalized Giulietti-Korchma´ros curves [9] and [3], as well as the Abdo´n-Bezerra-Quoos
curve [1]. Explicit constructions of quantum codes from these curves are provided, as well
as comparisons with the quantum Gilbert-Varshamov bound.
The paper is organized as follows. Section 2 recalls basic notions on AG codes and
quantum codes; in particular, we present some constructions from the literature where
quantum codes are obtained from AG codes with self-orthogonality properties. Section 3
defines a class of curves, namely Swiss curves, for which we prove in Theorem 3.5 a result
about self-orthogonality properties. This is applied in Section 4 to several curves which
are shown to be Swiss and which provide quantum codes. The results of Section 3 are
generalized in Section 5 to a larger class of curves, called r-Swiss curves, and then applied
in Section 6 to generalized GK curves over finite fields of even order. Finally, we note in
Section 7 that certain stabilizer quantum codes constructed in the previous sections are
pure and exceed the quantum Gilbert-Varshamov bound.
2. AG codes and quantum codes
2.1. AG codes. We introduce here some basic notions on AG codes; for a detailed
introduction to this topic, we refer to [32, Chapter 2].
Let Fq be the finite field of order q and X be a projective, absolutely irreducible, algebraic
curve of genus g defined over Fq. Let Fq(X ) be the field of rational functions on X and
X (Fq) be the set of rational places of X . For any divisor D =
∑
P∈X (Fq)
nPP on X , we
denote by vP (D) the weight nP ∈ Z of P in D (also called the valuation of D at P ),
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and by supp(D) the support of D, that is the finite set of places with non-zero weight
in D; the degree of D is deg(D) =
∑
P∈supp(D) nP . The Riemann-Roch space L(D) of an
Fq-rational divisor D is the finite dimensional Fq-vector space
L(D) = {f ∈ Fq(X ) \ {0} : (f) +D ≥ 0} ∪ {0},
where (f) = (f)0 − (f)∞ denotes the principal divisor of f ; here, (f)0 and (f)∞ are
respectively the zero divisor and the pole divisor of f . The Fq-dimension of L(D) is
denoted by ℓ(D).
Let {P1, . . . , PN} ⊆ X (Fq) with Pi 6= Pj for i 6= j, D be the Fq-rational divisor P1+ · · ·+
PN , and G be an Fq-rational divisor of X such that supp(D) ∩ supp(G) = ∅. Consider
the Fq-linear evaluation map
eD : L(G) → F
N
q
f 7→ (f(P1), . . . , f(PN)).
The (functional) AG code C(D,G) is defined as the image eD(L(G)) of eD. The code
C(D,G) has parameters [N, k, d]q which satisfy k = ℓ(G)−ℓ(G−D) and d ≥ N−deg(G).
If deg(G) < N , then eD is injective and k = ℓ(G). If 2g − 2 < deg(G) < N , then
k = deg(G) + 1− g.
The (Euclidean) dual code C(D,G)⊥ has parameters [N⊥, k⊥, d⊥]q, where N
⊥ = N ,
k⊥ = N − k, and d⊥ ≥ deg(G) − 2g + 2. Note that, if 2g − 2 < deg(G) < N , then
k⊥ = N − deg(G) + g − 1.
2.2. Quantum codes. The main ingredient to construct quantum codes in this paper is
the so-called CSS construction (named after Calderbank, Shor and Steane) which enables
to construct quantum codes from classical linear codes; see [22, Lemma 2.5].
A q-ary quantum code Q of length N and dimension k is defined to be a qk-dimensional
Hilbert subspace of a qN -dimensional Hilbert space H = (Cq)⊗n = Cq ⊗ · · · ⊗ Cq. If Q
has minimum distance D, then Q can correct up to ⌊D−1
2
⌋ quantum errors. The notation
[[N, k,D]]q is used to denote such a quantum code Q. For an [[N, k,D]]q-quantum code the
quantum Singleton bound holds, that is, the minimum distance satisfiesD ≤ 1+(N−k)/2.
The quantum Singleton defect is δQ := N − k − 2D + 2 ≥ 0, and the relative quantum
Singleton defect is ∆Q := δQ/N . If δQ = 0, then the code is said to be quantum MDS.
For a detailed introduction on quantum codes see [22] and the references therein.
Another important bound for quantum codes is an analogue of the Gilbert-Varshamov
bound.
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Theorem 2.1. [7, Theorem 1.4] Suppose that N > k ≥ 2, d ≥ 2, and N ≡ k (mod 2).
Then there exists a pure stabilizer quantum code with parameters [[N, k, d]]q provided that
(2.1)
qN−k+2 − 1
q2 − 1
>
d−1∑
i=1
(q2 − 1)i−1
(
N
i
)
.
Lemma 2.2. [4, 16, 27] (CSS construction) Let C1 and C2 denote two linear codes with
parameters [N, ki, di]q, i = 1, 2, and assume that C1 ⊂ C2. Then there exists an [[N, k2 −
k1, D]]q code with D = min{wt(c) | c ∈ (C2\C1)∪(C
⊥
1 \C
⊥
2 )}, where wt(c) is the Hamming
weight of c.
A stabilizer quantum code C is pure if the minimum distance of C⊥ coincides with the
minimum Hamming weight of C⊥ \ C.
Theorem 2.3. [4, 16] Let C be an [N, k, d]q-code such that C ⊆ C
⊥, i.e. C is self-
orthogonal. Then there exists an [[N,N − 2k,≥ d⊥]]q stabilizer quantum code, where d
⊥
denotes the minimum distance of C⊥. If the minimum weight of C⊥ \ C is equal to d⊥,
then the stabilizer code is pure and has minimum distance d⊥.
Corollary 2.4. [13] Let C be an [N, k, d]q-code such that C ⊆ C
⊥. If d > k + 1 then
there exists an [[N,N − 2k, d⊥]]q-code which is pure.
Proof. C⊥ is an [N,N−k, d⊥]q code, with d
⊥ ≤ k+1 by the Singleton Bound. If d > k+1,
then by Theorem 2.3 there exists a pure [[N,N − 2k, d⊥]]q stabilizer quantum code. 
2.3. Constructions of AG quantum codes. We list here some constructions of quan-
tum codes starting from AG codes which have been provided in the literature and exploit
self-orthogonality properties of the underlying AG codes.
• General t-point construction due to La Guardia and Pereira; see [22, Theorem
3.1]. This is a direct application of the CSS construction to AG codes.
Lemma 2.5. (General t-point construction) Let X be a nonsingular curve over
Fq with genus g and N + t distinct Fq-rational points, for some N, t > 0. Assume
that ai, bi, i = 1, . . . , t, are positive integers such that ai ≤ bi for all i and 2g −
2 <
∑t
i=1 ai <
∑t
i=1 bi < N . Then there exists a quantum code with parameters
[[N, k,D]]q with k =
∑t
i=1 bi−
∑t
i=1 ai and D ≥ min
{
N−
∑t
i=1 bi,
∑t
i=1 ai− (2g−
2)
}
.
• Quantum codes from weak Castle curves, due to Munuera, Teno´rio, and Torres;
see [26, Sections 3.3 and 3.4].
A weak Castle curve over Fq is a pair (X , P ), where X is an absolutely irreducible
Fq-rational curve and P is a rational place of X such that the following conditions
hold.
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– The Weierstrass semigroup H(P ) at P is symmetric.
– there exist a positive integer s, a rational map f : X → P1, and a non-empty
set {α1, . . . , αh} ⊆ Fq such that (f)∞ = sP and for all i = 1, . . . , h we have
f−1(αi) ⊆ X (Fq) and |f
−1(αi) = s|.
With the same notation, let φ ∈ Fq(X ) be defined as φ =
∏
i=1h(f − αi), and
let D be the sum of all N = |X (Fq)| − 1 rational places of X different from
P . Denote by M = {m1 = 0, m2, . . . , mN} the dimension set of (X , P ), i.e.
mi = min{m : ℓ(mP ) − ℓ((m − N)P ) ≥ i}, and by Ci the weak Castle code
C(D,miP ). For any r ≥ 1 let γr be the r-th gonality of X , that is the minimum
degree of a divisor A on X such that ℓ(A) ≥ r.
Lemma 2.6. [26, Corollary 5] Using the same notation as above, let (X , P ) be a
weak Castle curve of genus g over Fq2 such that (dφ) = (2g− 2)P . If (q+ 1)mi ≤
N +2g− 2 for some i, then there exists a quantum code with parameters [[N,N −
2i,≥ d(Cn−i)]]q with d(Cn−i) ≥ N −mN−i + γa+1, where a = ℓ((mN−i −N)P ).
• Self-orthogonal AG codes from curves with only one place at infinity, due to Her-
nando, McGuire, Monserrat, and Moyano-Ferna´ndez; see [13, Section 3].
Let X be an absolutely irreducible Fq-rational plane curve with Fq(X ) = Fq(x, y)
such that X has only one point P∞ at infinity, there is only one place P∞ centered
at P∞, and P∞ is rational. Let A be the set of the elements a ∈ Fq such that X
and the line La with affine equation X = a are Fq-transversal, that is, the points
of X ∩ La are Fq-rational and the intersection multiplicity of X and La is 1 at
every point of X ∩ La. Let PA be the set of places of X centered at affine points
of X whose X-coordinate is in A, and D be the divisor
∑
P∈PA
P . Define the
rational functions fA(x) =
∏
a∈A(x−a) and f
′
A(x), where f
′
A(X) = ∂XfA(X). Let
M be the divisor of X such that supp(M) = {P ∈ supp((f ′A)0) : P 6= P∞} and
vQ(M) = vQ((f
′
A)0) for every Q ∈ supp(M).
Lemma 2.7. [13, Theorem 3.1] Using the same notation as above, let G be an
Fq-rational divisor of X with supp(G) ∩ supp(D) = ∅. Then
C(D,G)⊥ = C(D, (2g − 2 + deg(D)− deg(M))P∞ +M −G).
If in addition 2G ≤ (2g − 2 + deg(D)− deg(M))P∞ +M , then
C(D,G) ⊆ C(D,G)⊥.
3. Swiss curves and codes
Definition 3.1. A Swiss curve is a pair (C, P ) such that C is an absolutely irreducible
Fq-rational curve, P is a place of Fq(C) and the following holds.
(1) P is rational;
(2) there exists a function x ∈ Fq(C) such that (dx) = (2g − 2)P .
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Remark 3.2. Note that the existence of a function x such that (dx) = (2g− 2)P implies
that the Weierstrass semigroup at P is symmetric, that is, 2g − 1 ∈ G(P ). Indeed,
(dx) = (2g−2)P implies that (2g−2)P is a canonical divisor and hence the dimension of
its Riemann-Roch space is equal to g, see [32, Proposition 1.6.2]. Since there are exactly
g elements in G(P ) (and they are at most 2g − 1) we get that 2g − 1 ∈ G(P ).
Even though Condition (1) is not difficult to be forced, Condition (2) seems to be quite
cryptic. The following remark describes a way to force also Condition (2) to hold.
Remark 3.3. One way to force the existence of x is the following. Suppose that there
exists a function x ∈ Fq(C) such that dx 6= 0 and in Fq(C)/Fq(x) there is a unique
ramification place and it is totally ramified. Without loss of generality we can assume
that the totally ramified place is the pole P∞ of x. In fact, if such a place is the zero
of x − α, it is enough to replace x with 1/(x − α) and consider Fq(C)/Fq(1/(x − α)).
From [32, Theorem 3.4.6],
(CotrFq(C)/Fq(x)(dx)) = (dx)Fq(C) = ConFq(C)/Fq(x)((dx)) + Diff(Fq(C)/Fq(x)).
Since the support of both ConFq(C)/Fq(x)((dx)) and Diff(Fq(C)/Fq(x)) is just P∞, we get
that (dx)Fq(C) = (2g − 2)P∞.
Swiss curves can be constructed as explained in the following remark.
Remark 3.4. Let C be an Fq-rational curve of p-rank zero. Assume that there exist a
rational place P of Fq(C) and a p-subgroup S of automorphisms of Fq(C) fixing P such that
the quotient curve C/S is rational. Then (C, P ) is a Swiss curve. Indeed (1) is trivially
satisfied and from [14, Lemma 11.129] P is the unique place ramifying in C/S and it is
totally ramified. Hence also Condition (2) is satisfied by Remark 3.3.
In the following, we will denote by Pq the set of all rational places of Fq(C). Also, given
a divisor D and a place Q, we denote by vQ(D) the weight of D at Q.
Consider a Swiss curve (C, P ) and the set
A =

α ∈ Fq : (x− α)0 − vP ((x− α)0)P ≤
∑
Q∈Pq\{P}
Q

 .
Basically, A consists of all the α ∈ Fq such that all the zeros of the function x− α other
than (possibly) P are rational and simple.
Also, let
D =
∑
α∈A
(
(x− α)0 − vP ((x− α)0)P
)
.
Theorem 3.5. Let (C, P ) be a Swiss curve. With the same notation as above, consider
another Fq-rational divisor G such that supp(G) ∩ supp(D) = ∅. Then
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(1) C(D,G)⊥ = C(D,E + (γ + 2g − 2)P −G), for some positive divisor E and some
integer γ;
(2) if, in addition, 2G ≤ E + (γ + 2g − 2)P then C(D,G) ⊂ C(D,G)⊥.
Proof. Define
h =
∑
a∈A
1
x− a
, ω = (h) dx.
Clearly, places in supp(D) are simple poles of h.
By hypothesis (dx) = (2g − 2)P . Also, (h) = E −D + γP , where
E = (h)0 − vP ((h)0)P, γ = degD − degE.
Hence, (ω) = E −D + (γ + 2g − 2)P .
Therefore ω has poles at places of D and it is readily seen that the residue of ω at such
places is 1. Now, the claim follows from [15, Theorem 2.72]. 
In Section 4, we describe several Swiss curves. Using Theorem 3.5 we construct families
of self-orthogonal codes, which provide stabilizer quantum codes by means of Theorem
2.3.
4. Applications to some Swiss curves
4.1. GK curve. The Giulietti-Korchma´ros curve over Fq6 is a non-singular curve in
PG(3,K), K = Fq, defined by the affine equations:
GKq :
{
Y q+1 = Xq +X,
Zq
2−q+1 = Y q
2
− Y.
It has genus g = (q
3+1)(q2−2)
2
+1, and the number of its Fq6-rational places is q
8−q6+q5+1.
The GK curve first appeared in [10] as a maximal curve over Fq6 , since the latter number
coincides with the Hasse-Weil upper bound, q6 + 2gq3 + 1. The GK curve is the first
example of an Fq6-maximal curve that is not Fq6-covered by the Hermitian curve, provided
that q > 2.
Since this curve is Fq6-maximal its p-rank is zero. Indeed, we will show that Condition
(2) is satisfied by applying Remark 3.4. The coordinate function z has valuation 1 at
each affine Fq6-rational point of GKq, hence z is a separating element for K(GKq)/K
by [32, Prop. 3.10.2]. Then dz is non-zero by [32, Prop. 4.1.8(c)]. It is easily checked that
Fq6(GKq)/Fq6(z) is a Galois extension of degree q
3; also, the unique place P∞ centered
at the unique point at infinity of GKq is a ramification place for Fq6(GKq)/Fq6(z). From
Remark 3.4, (GKq, P∞) is a Swiss curve and (dz) = (2g − 2)P∞ = (q
3 + 1)(q2 − 2)P∞.
Let m = q2 − q + 1. It can be seen that if ξ ∈ Fq6 is such that Y
q2 − Y = ξm has q2
solutions in Fq6, then for each η ∈ Fq6 satisfying η
q2 − η = ξm there are precisely q values
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θ ∈ Fq6 such that θ
q + θ = ηq+1. Also, the values ξ ∈ Fq6 for which all the zeros of z − ξ
are rational are those satisfying
(4.1) ξmq
4
+ ξmq
2
+ ξm = 0;
moreover for each of them there are exactly q3 triples (x¯, y¯, z¯) ∈ F3q6 such that z¯
m = y¯q
2
− y¯
and y¯q+1 = x¯q+ x¯. This implies that there are exactly q5−q3+q2 values ξ ∈ Fq6 satisfying
Equation (4.1). Let
Ξ = {ξ ∈ Fq6 : ξ
mq4 + ξmq
2
+ ξm = 0}.
Then
Ξ \ {0} =
{
ξ ∈ Fq6 :
(
ξ(q−1)(q
3+1)
)q2+1
+
(
ξ(q−1)(q
3+1)
)
+ 1 = 0
}
.
Note that if µq2+q+1 denotes the set of the (q
2 + q + 1)-th roots of unity then
{θ ∈ µq2+q+1 : θ
q2+1 + θ + 1 = 0} = {θ ∈ µq2+q+1 : θ
q+1 + θq + 1 = 0}.
Thus, the polynomial
f(Z) = Zq
5−q3+q2 + Zq
5−q4+q2−q+1 + Z ∈ Fq6[Z]
factorizes completely over Fq6 , and
f(Z) =
∏
ξ∈Ξ
(Z − ξ).
Also,
f ′(Z) = Zq
5−q4+q2−q + 1 = (Z(q
3+1)(q−1) + 1)q,
and hence the zero divisor of the rational function f ′(z) ∈ K(GKq) satisfies
deg(f ′(z))0 = (q
5 − q4 + q2 − q)q3.
Now consider in K(GKq) the function∑
ξ∈Ξ
1
z − ξ
=
f ′(z)
f(z)
.
Its principal divisor is
M −D + (q4 − q3 + q)q3P∞,
where M is the zero divisor of f ′(z) and D is the zero divisor
∑
P∈P
q6 (GKq)\{P∞}
P of f(z)
of degree q5(q3 − q + 1). The divisor of
ω =
∑
ξ∈Ξ
1
z − ξ
dz
is
M −D + [2g − 2 + (q4 − q3 + q)q3]P∞ = M −D + [q
7 − q6 + q5 + q4 − 2q3 + q2 − 2]P∞.
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Consider the one-point divisor G = sP∞. By Theorem 3.5 and its proof,
C(D,G)⊥ = C(D,M + [2g − 2 + (q4 − q3 + q)q3 − s]P∞)
= C(D,M + [q7 − q6 + q5 + q4 − 2q3 + q2 − 2− s]P∞).
Also, C(D,G) ⊂ C(D,G)⊥ if
s ≤
q7 − q6 + q5 + q4 − 2q3 + q2 − 2
2
.
Finally, by Theorem 2.3, we obtain the following result.
Theorem 4.1. With the same notation as above, consider the q6-ary code C(D, sP∞)
from the GK curve. Assume that
q5 − 2q3 + q2 − 2 ≤ s ≤
q7 − q6 + q5 + q4 − 2q3 + q2 − 2
2
.
Then there exists a quantum code with parameters
[[ q8 − q6 + q5, q8 − q6 + 2q5 − 2q3 + q2 − 2− 2s, ≥ s− q5 + 2q3 − q2 + 2 ]]q6 .
4.2. GGS curves. Let q be a prime power and n ≥ 5 be an odd integer. The GGS curve
GGS(q, n) is defined by the equations
(4.2) GGS(q, n) :
{
Xq +X = Y q+1
Y q
2
− Y = Zm
,
where m = (qn + 1)/(q + 1); see [9]. The genus of GGS(q, n) is 1
2
(q − 1)(qn+1 + qn − q2),
and GGS(q, n) is Fq2n-maximal. Let P0 = (0, 0, 0), P(a,b,c) = (a, b, c), and let P∞ be the
unique ideal point of GGS(q, n). Note that GGS(q, n) is singular, being P∞ its unique
singular point. Yet, there is only one place of GGS(q, n) centered at P∞. The divisors of
the coordinate functions x, y, z satisfying xq + x = yq+1 and yq
2
− y = zm are
(x) = m(q + 1)P0 −m(q + 1)P∞,
(y) = m
∑
αq+α=0
P(α,0,0) −mqP∞,
(z) =
∑
αq + α = β
β ∈ Fq2
P(α,β,0) − q
3P∞.
As for the GK curve, the curve GGS(q, n) has p-rank zero because it is Fq2n-maximal, and
(dz) = (2g−2)P∞ being Fq2n(GGS(q, n))/Fq2n(z) a Galois extension of degree q
3 in which
P∞ is totally ramified. Hence (GGS(q, n), P∞) is a Swiss curve. From the proof of [9,
Theorem 2.6] every Fq2n-rational point of the curve Y
q2−Y = Zm which is not centered at
the unique point at infinity of the curve splits completely in Fq2n(GGS(q, n))/Fq2n(y, z).
This is equivalent to say, as for the GK curve, that if ξ ∈ Fq2n is such that Y
q2 − Y = ξm
has q2 solutions in Fq2n, then for each η ∈ Fq2n satisfying η
q2 − η = ξm there are precisely
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q values θ ∈ Fq2n such that θ
q+ θ = ηq+1. Also, the values ξ ∈ Fq2n for which all the zeros
of z − ξ belong to Fq2n are those satisfying
n−1∑
i=0
(ξm)q
2i
= 0;
moreover for each of them there are exactly q3 triples (x, y, z) ∈ F3q2n such that z
m = yq
2
−y
and yq+1 = xq+x. This means that there are exactly q2n−1−qn+qn−1 such values ξ ∈ Fq2n
as |GGS(q, n)(Fq2n)| = q
2n+2 − qn+3 + qn+2 + 1. Let
Ξ = {ξ ∈ Fq2n :
n−1∑
i=0
(ξm)q
2i
= 0}.
Then
Ξ \ {0} = {ξ ∈ Fq2n : (ξ
m)q
2(n−1)−1 + (ξm)q
2(n−2)−1 + · · ·+ (ξm)q
2−1 + 1 = 0}
has cardinality (qn + 1)(qn−1 − 1).
Let µ(qn−1)/(q−1) be the set of
qn−1
q−1
-th roots of unity, and let k = n−1
2
≥ 2. Then
Θ = {θ ∈ µ(qn−1)/(q−1) | θ
q2(n−2)+q2(n−3)+···+q2+1 + θq
2(n−3)+···+q2+1 + · · ·+ θq
2+1 + θ + 1 = 0}
= {θ ∈ µ(qn−1)/(q−1) | p(θ) = 0},
where
(4.3) p(Z) = 1 +
k−1∑
i=0
Z
∑i
j=0 q
2j+
∑k−1
j=0 q
2j+1
+
k−1∑
i=0
Z
∑i
j=0 q
2j+1
∈ Fq2n[Z]
which is a separable polynomial of degree
∑2k−1
j=0 q
j, see the proof of [1, Lemma 2] and in
particular [1, Equation (4)].
Thus, the polynomial
f(Z) = Z · p(Z(q
n+1)(q−1)) ∈ Fq2n [X ]
factorizes completely over Fq2n , and
f(Z) =
∏
ξ∈Ξ(Z − ξ) = Z +
k−1∑
i=0
Z1+
∑i
j=0 q
2j(qn+1)(q−1)+
∑k−1
j=0 q
2j+1(qn+1)(q−1)
+
k−1∑
i=0
Z1+
∑i
j=0 q
2j+1(qn+1)(q−1).
Also,
f ′(Z) = 1 + Zq(q
n+1)(q−1) +
k−1∑
i=1
Z
∑i
j=0 q
2j+1(qn+1)(q−1)
and hence
deg(f ′(z))0 =
(
q
(qn + 1)
q + 1
(qn−1 − 1)
)
q3.
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Now consider the function ∑
ξ∈Ξ
1
z − ξ
=
f ′(z)
f(z)
.
Its principal divisor is
M −D +
(
(qn−1 − 1)
qn + 1
q + 1
+ 1
)
q3P∞,
where M is the zero divisor of f ′(z) and
D = (f(z))0 =
∑
P∈P
q2n (GGS(q,n))\{P∞}
P
has degree q3((qn−1 − 1)(qn + 1) + 1) = q2n+2 − qn+3 + qn+2. The principal divisor of
ω =
∑
ξ∈Ξ
1
z − ξ
dz
is
M −D +
[(
(qn−1 − 1)
qn + 1
q + 1
+ 1
)
q3 + 2g − 2
]
P∞.
Consider the one-point divisor G = sP∞. By Theorem 3.5 and its proof,
C(D,G)⊥ = C
(
D,M +
[(
(qn−1 − 1)
qn + 1
q + 1
+ 1
)
q3 + 2g − 2− s
]
P∞
)
= C
(
D,M +
[(
(qn−1 − 1)
qn + 1
q + 1
+ 1
)
q3 + (q − 1)(qn+1 + qn − q2)− 2− s
]
P∞
)
.
Also, C(D,G) ⊂ C(D,G)⊥ if
s ≤
[(
(qn−1 − 1) q
n+1
q+1
+ 1
)
q3 + (q − 1)(qn+1 + qn − q2)− 2
]
2
.
From Theorem 2.3 we have the following result.
Theorem 4.2. With the same notation as above, consider the q2n-ary code C(D,mP∞)
from the GGS curve. Assume that
(q−1)(qn+1+qn−q2)−2 ≤ s ≤
[(
(qn−1 − 1) q
n+1
q+1
+ 1
)
q3 + (q − 1)(qn+1 + qn − q2)− 2
]
2
.
Then there exists a quantum code with parameters
[[ q2n+2 − qn+3 + qn+2, q2n+2 − qn+3 + qn+2 + (q − 1)(qn+1 + qn − q2)− 2− 2s,
≥ s− (q − 1)(qn+1 + qn − q2) + 2 ]]q2n .
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4.3. Abdo´n-Bezerra-Quoos curve. Let q be a prime power and n ≥ 3 be an odd
integer. The Abdo´n-Bezerra-Quoos curve ABQ(q, n) is defined by the equation
(4.4) ABQ(q, n) : Y q
2
− Y = Xm,
where m = (qn + 1)/(q + 1); see [1, 9]. The curve ABQ(q, n) is singular, has genus
1
2
(q − 1)(qn − q), and is Fq2n-maximal. Let P0 = (0, 0, 0), P(a,b,c) = (a, b, c), and let P∞
be the unique ideal point of ABQ(q, n). The point P∞ is the unique singular point of
ABQ(q, n). Yet, there is only one place of ABQ(q, n) centered at P∞. As for the GK
and GGS cases, ABQ(q, n) is Fq2n-maximal and hence has p-rank zero. The extension
Fq2n(ABQ(q, n))/Fq2n(x) is a Galois extension of degree q
2, and P∞ is totally ramified in
it. Thus, (dx) = (2g − 2)P∞ and (ABQ(q, n), P∞) is a Swiss curve.
An element ξ ∈ Fq2n is such that Y
q2 − Y = ξm has q2 solutions in Fq2n if and only if
n−1∑
i=0
(ξm)q
2i
= 0.
Also, there are exactly q2n−1 − qn + qn−1 such values ξ ∈ Fq2n as |ABQ(q, n)(Fq2n)| =
q2n+1 − qn+2 + qn+1 + 1.
Arguing as in Section 4.2, the polynomial
f(Z) = Z · p(Z(q
n+1)(q−1)) ∈ Fq2n [Z]
factorizes completely over Fq2n ; here, the polynomial p(X) ∈ Fq2n [X ] is as in Equation
(4.3). Also,
f(Z) =
∏
ξ∈Ξ
(Z − ξ) = Z +
k−1∑
i=0
Z1+
∑i
j=0 q
2j(qn+1)(q−1)+
∑k−1
j=0 q
2j+1(qn+1)(q−1)
+
k−1∑
i=0
Z1+
∑i
j=0 q
2j+1(qn+1)(q−1).
Also,
f ′(Z) = 1 + Zq(q
n+1)(q−1) +
k−1∑
i=1
Z
∑i
j=0 q
2j+1(qn+1)(q−1)
and hence
deg(f ′(z))0 =
(
q
(qn + 1)
q + 1
(qn−1 − 1)
)
q2.
Now, the function ∑
ξ∈Ξ
1
z − ξ
=
f ′(z)
f(z)
has principal divisor
M −D +
(
(qn−1 − 1)
qn + 1
q + 1
+ 1
)
q2P∞,
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where M is the zero divisor of f ′(z) and
D = (f(z))0 =
∑
P∈P
q2n (ABQ(q,n))\{P∞}
P
has degree q2((qn−1 − 1)(qn + 1) + 1) = q2n+1 − qn+2 + qn+1. The principal divisor of
ω =
∑
ξ∈Ξ
1
z − ξ
dz
is
M −D +
[(
(qn−1 − 1)
qn + 1
q + 1
+ 1
)
q2 + 2g − 2
]
P∞.
Consider the one-point divisor G = sP∞. By Theorem 3.5 and its proof,
C(D,G)⊥ = C
(
D,M +
[(
(qn−1 − 1)
qn + 1
q + 1
+ 1
)
q2 + 2g − 2− s
]
P∞
)
= C
(
D,M +
[(
(qn−1 − 1)
qn + 1
q + 1
+ 1
)
q2 + (q − 1)(qn − q)− 2− s
]
P∞
)
.
Also, C(D,G) ⊂ C(D,G)⊥ if
s ≤
[(
(qn−1 − 1) q
n+1
q+1
+ 1
)
q2 + (q − 1)(qn − q)− 2
]
2
.
The theorem below follows from Theorem 2.3.
Theorem 4.3. With the same notation as above, consider the q2n-ary code C(D,mP∞)
from the ABQ curve. Assume that
(q − 1)(qn − q)− 2 ≤ s ≤
[(
(qn−1 − 1) q
n+1
q+1
+ 1
)
q2 + (q − 1)(qn − q)− 2
]
2
.
Then there exists a quantum code with parameters
[[ q2n+1−qn+2+qn+1, q2n+1−qn+2+qn+1+(q−1)(qn−q)−2−2s, ≥ s−(q−1)(qn−q)+2 ]]q2n.
4.4. Suzuki and Ree curves. Let q0 = 2
s, where s ≥ 1, and q = 2q20. The Suzuki curve
Sq is given by the affine model
Sq : Y
q + Y = Xq0(Xq +X).
The curve Sq is Fq4-maximal of genus q0(q−1). It has a unique singular point, namely its
unique point at infinity P∞,which is a q0-fold point and the center of just one place of Sq.
The extension Fq4(Sq)/Fq4(x) is a Galois extension of degree q in which P∞ is the only
ramified place, and it is totally ramified. Hence, by Remark 3.4, (dx) = (2g − 2)P∞ =
(2q0(q − 1)− 2)P∞ and (Sq, P∞) is a Swiss curve.
14 D. BARTOLI, M. MONTANUCCI, AND GIOVANNI ZINI
Let q0 = 3
s, where s ≥ 1, and q = 3q20. The Ree curve Rq is given by the affine space
model
Rq :
{
Y q − Y = Xq0(Xq −X),
Zq − Z = X2q0(Xq −X)
.
This curve has genus 3
2
q0(q − 1)(q + q0 + 1) and it is Fq6-maximal. It has a unique
singular point coinciding with its unique infinite point; moreover there is a unique place
P∞ centered in it. The extension Fq6(Rq)/Fq6(x) is a Galois extension of degree q
2 in
which P∞ is the only ramified place, and it is totally ramified. Hence, by Remark 3.4,
(dx) = (2g − 2)P∞ and (Rq, P∞) is a Swiss curve.
Remark 4.4. Since Suzuki and Ree curves are Swiss curves, it makes sense to ask for a
suitable set I of rational points as well as a covering of I made of lines, to which Theorem
3.5 applies. According to the equations defining the curves, the most natural choice would
probably be I = Sq(Fq) and I = Rq(Fq) respectively. Indeed, in both cases a nice covering
of lines is given simply by the vertical lines x = a, with a ∈ Fq. However, in this case
one would obtain f(X) =
∏
a∈Fq
(X− a) = Xq−X, which has clearly constant derivative.
Hence the construction would be the same as in [26]. The determination of a suitable set
I and a covering of lines remains an open problem.
5. r-Swiss curves and codes
In this section we generalize the construction of Section 3 to a larger class of curves.
Definition 5.1. Let r be a positive integer. An r-Swiss curve is an (r + 1)-tuple
(C, P1, . . . , Pr) such that C is an absolutely irreducible Fq-rational curve, P1, . . . , Pr are
distinct places of Fq(C), and the following properties hold:
(1) Pi is rational for every i = 1, . . . , r;
(2) there exists a function x ∈ Fq(C) such that (dx) =
2g−2
r
(P1 + . . .+ Pr);
(3) supp ((x)∞) = {P1, . . . , Pr}.
Remark 5.2. Clearly, a 1-Swiss curve is just a Swiss curve.
Consider an r-Swiss curve (C, P1, . . . , Pr) and the set
A =

α ∈ Fq : (x− α)0 −
r∑
i=1
vPi((x− α)0)Pi ≤
∑
Q∈Pq\{P1,...,Pr}
Q

 .
The set A consists of all elements α ∈ Fq such that all the zeros of the function x − α
other than (possibly) P1, . . . , Pr are rational and simple. Also, let
D =
∑
α∈A
(
(x− α)0 −
r∑
i=1
vPi((x− α)0)Pi
)
.
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Theorem 5.3. Let (C, P1, . . . , Pr) be an r-Swiss curve. With the same notation as above,
consider another Fq-rational divisor G such that supp(G) ∩ supp(D) = ∅. Then
(1) C(D,G)⊥ = C(D,E +
∑r
i=1(γi + 2g− 2)Pi−G), for some positive divisor E and
some integers γ1, . . . , γr;
(2) if, in addition, 2G ≤ E +
∑r
i=1
(
γi +
2g−2
r
)
Pi then C(D,G) ⊂ C(D,G)
⊥.
Proof. Let h =
∑
a∈A
1
x−a
. Clearly, places in supp(D) \ {P1, . . . , Pr} are simple poles of
h. Consider
ω = (h) dx.
By hypothesis (dx) =
∑r
i=1
2g−2
r
Pi, and
(h) = E −D +
r∑
i=1
γiPi,
where E = (h)0 −
∑r
i=1 vPi((h)0)Pi and
∑r
i=1 γi = degD − degE. Summing up,
(ω) = Z −D +
r∑
i=1
(
γi +
2g − 2
r
)
Pi.
Therefore ω has poles at places of D and it is readily seen that the residue of ω at such
places is 1. Now the claim follows from [15, Theorem 2.72]. 
6. Applications to some r-Swiss curves
6.1. GGK curves. Let q be a prime power and n ≥ 3 be an odd integer. The curve
GGK2(q, n) is defined by the equations
(6.1) GGK2(q, n) :


Xq+1 − 1 = Y q+1
Y
(
Xq
2
−X
Xq+1−1
)
= Zm
,
where m = (qn+1)/(q+1); see [3]. The genus of GGK2(q, n) is 1
2
(q− 1)(qn+1+ qn− q2),
GGK2(q, n) is Fq2n-maximal, and GGK2(q, 3) ∼= GKq. The coordinate function x has
exactly q + 1 distinct poles P1, . . . , Pq+1; also, the coordinate function z has pole divisor
(z)∞ = (q
2 − q)(P1 + . . . + Pq+1), and (dz) =
2g−2
q+1
(P1 + . . . + Pq+1) (see [3, Page 17]).
Hence, (GGK2(q, n), P1, . . . , Pq+1) is a (q + 1)-Swiss curve.
6.1.1. The case q = 2. In the rest of this section, q = 2 and GGK2(q, n) reads
GGK2(2, n) :
{
X3 − 1 = Y 3
Y X = Z(2
n+1)/3 .
It is easily seen that z = a has exactly q3 − q = 6 rational zeros if and only if either
a = 0 or Y 6 + Y 3 − a2
n+1 ∈ F22n [Y ] has 6 distinct roots in F22n . From the maximality of
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GGK2(2, n) and [F22n(x, y, z) : F22n(z)] = 6 follows that the set
A = {a ∈ F∗22n | Y
6 + Y 3 = a2
n+1 has 6 distinct roots in F22n}
has size
|A| = 4(2n + 1)(2n−1 − 1)/3.
Let f(X) =
∏
a∈A(x − a). The following can be checked by direct computation with
MAGMA.
• n = 3. In this case,
f(X) = X36 +X27 +X18 + 1, f ′(X) = x26.
Since P1, P2, P3 are not zeros of f
′, we have (f ′(z))∞ = 26(q
2 − q)(P1 + P2 + P3)
and hence
deg(f ′(z))0 = 26(q + 1)(q
2 − q) = 156.
Now, the function ∑
ξ∈A
1
z − ξ
=
f ′(z)
f(z)
has principal divisor
M −D + 20
3∑
i=1
Pi,
where M is the zero divisor of f ′(z) and
D = (f(z))0 =
∑
P∈P26(GGK2(2,3))\P22 (GGK2(2,3))
P
has degree 216. The principal divisor of
ω =
∑
ξ∈A
1
z − ξ
dz
is
M −D + 26
3∑
i=1
Pi.
Consider the multi-point divisor G = s
∑3
i=1 Pi. By Theorem 3.5 and its proof,
C(D,G)⊥ = C
(
D,M + (26−m)
3∑
i=1
Pi
)
.
Also, C(D,G) ⊂ C(D,G)⊥ if s ≤ 13. Now we apply Theorem 2.3.
Theorem 6.1. With the same notation as above, consider the 26-ary code
C(D, s
∑3
i=1 Pi) from the curve GGK2(2, 6). Assume that 6 ≤ m ≤ 13. Then
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there exists a quantum code with parameters
[[ 216, km, 3m− 18 ]]26 , km =
{
196, if m = 6,
192− 6(m− 7), if 7 ≤ m ≤ 13.
• n = 5. Here,
f(X) = X660 +X627 +X594 +X528 +X495 +X396 +X363 +X330 +X132 +X66 + 1,
and
f ′(X) = X626 +X494 +X362.
Since P1, P2, P3 are not zeros of f
′ we have (f ′(z))∞ = 626(q
2 − q)
∑3
i=1 Pi and
hence
deg(f ′(z))0 = 626(q + 1)(q
2 − q) = 3756.
Now, the function ∑
ξ∈Ξ
1
z − ξ
=
f ′(z)
f(z)
.
has principal divisor
M −D + 68
3∑
i=1
Pi,
where M is the zero divisor of f ′(z) and
D = (f(z))0 =
∑
P∈P210 (GGK2(2,5))\P22 (GGK2(2,5))
P
has degree 3960. The principal divisor of
ω =
∑
ξ∈A
1
z − ξ
dz
is
M −D + 98
3∑
i=1
Pi.
Consider the multi-point divisor G = s
∑3
i=1 Pi. By Theorem 3.5 and its proof,
C(D,G)⊥ = C
(
D,M + (98−m)
3∑
i=1
Pi
)
.
Also, C(D,G) ⊂ C(D,G)⊥ if m ≤ 49. Now we apply Theorem 2.3.
Theorem 6.2. With the same notation as above, consider the 210-ary code
C(D,m
∑3
i=1 Pi) from the curve GGK2(2, 10). Assume that 30 ≤ m ≤ 49. Then
there exists a quantum code with parameters
[[3960, km, 3m− 90]]26 , km =
{
3868, if m = 30,
3864− 6(m− 31), if 31 ≤ m ≤ 49.
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7. Comparisons
Corollary 7.1. The [[N, k, d]]q6-codes constructed in Theorem 4.1 are pure. If in addition
s ≥ 7q5 − 14q3 + 7q2 + 12, then they do not satisfy Condition (2.1).
Proof. Firstly, note that all the [[N, k, d]]q6-codes of Theorem 4.1 satisfy N ≡ k (mod 2).
Also, the codes are pure. In fact, C(D,G) is an [N1, k1, d1]q code, with N1 = q
8− q6+ q5,
k1 = s −
(q3+1)(q2−2)
2
, d1 ≥ q
8 − q6 + q5 − s. It is readily seen that d1 > k1 + 1 and by
Corollary 2.4 the quantum codes are pure.
As N − k + 2 = 2s− q5 + 2q3 − q2 + 4, the left-hand side of Condition (2.1) reads
q6(N−k+2) − 1
q12 − 1
<
q6(N−k+2)
q12 − 1
=
q6(2s−q
5+2q3−q2+4)
q12 − 1
,
whereas the right-hand side is larger than(
N
d− 1
)
(q12 − 1)d−2 =
(
N
d− 1
)
(q12 − 1)d−1
q12 − 1
>
(
N
d− 1
)d−1
(q12 − 1)d−1
q12 − 1
>
(
N
d− 1
)d−2
q12(d−1)
q12 − 1
≥
q12(s−q
5+2q3−q2+1)
q12 − 1
qd−2,
where we used that N/(d − 1) ≥ q, which is implied by s ≤ q7 + q4 − 2q3 + q2 − 1 and
hence by the hypothesis s ≤ q
7−q6+q5+q4−2q3+q2−2
2
.
From s ≥ 7q5−14q3+7q2+12 follows d−2+12(s−q5+2q3−q2+1) ≥ 6(2s−q5+2q3−q2+4);
therefore, the left-hand side is smaller than the right-hand side and Condition (2.1) is not
satisfied. 
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